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Abstract

Notes: This report only shows some preliminary work on scaling Gaussian process models that use non-Gaussian
likelihoods. As there are recently arxived papers on the similar idea [1,2], this report will stay as is, please consult the two
papers above for a proper discussion and experiments.

1 Introduction

Gaussian Processes (GPs) is an important tool for probabilistic models in both supervised and unsupervised settings. Typi-
cally, GPs are used as priors over unknown continuous functions which govern the trajectory of the observed variables. When
the likelihood term is conjugate to this prior, e.g. a Gaussian likelihood, the posterior distribution is analytically tractable.
It is however, not tractable for non-conjugate likelihoods, such as a Poisson likelihood in Poisson count regression or a logistic
likelihood in binary classification. Approximation inference schemes such as Laplace approximation or Expectation Propaga-
tion can be applied in these cases [3]. Critically, these GP based models suffer from a high complexity, typically O(N3) and
O(N2) for learning and prediction respectively. When dealing with large datasets, sparse approximation techniques that can
reduce the computation demand are preferred. However, most of the approximations were developed for regression problems
that use a Gaussian likelihood, and hence often cannot be applied to problems that deal with other forms of likelihood in a
straightforward way.

This report introduces a variational inference formulation that 1. uses inducing points to augment the model as in current
approximations for Gaussian likelihood, 2. uses variational free enery approach as a basis to find a generic lowerbound for
many non-Gaussian likelihoods, 3. can perform joint optimization of variational parameters and model hyperparameters, 4.
offers a small computational complexity.

2 Review of GPs for regression

p(f) = N (f ; 0,Kff ) (1)

p(y|f) =

N∏
n=1

p(yn|fn) (2)

Type Distribution p(yn|fn)

Continuous Gaussian p(yn|fn) = N (yn; fn, σ
2
n)

Binary Bernoulli logistic p(yn = 1|fn) = σ(fn)
Categorical Multinomial logistic p(yn = k|fi) = exp(fi,k − lse(fi))
Ordinal Cumulative logistic p(yn ≤ k|fn) = σ(φk − fn)

Count Poisson p(yn = k|fn) = exp(kfn−exp(fn))
k!

Continuous Laplace p(yn|fn) = 1
2b

exp(− |yn−fn|
b

), b = σ√
2

Positive, Real Exponential p(yn|fn) = exp(−yn/ exp(fn))
exp(fn)

Table 1: Type of observed variables, possible likelihood functions and their forms.

3 Variational inference and learning

3.1 Formulation

Augment the model [4–7]
Choose variational distribution for the joint: q(f ,u) = q(f |u)q(u) and q(f |u) = p(f |u) [6]. It could be shown that the lower
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bound using the augmented variational distribution is smaller than the bound obtained if there is no auxiliary variables u [7].
The log marginal likelihood:

L = log p(y) (3)

= log

∫
dudfp(f ,u)p(y|f) (4)

= log

∫
dudfq(f ,u)

p(f ,u)p(y|f)

q(f ,u)
(5)

≥
∫

dudfq(f ,u) log
p(f ,u)p(y|f)

q(f ,u)
(6)

=

∫
dudfq(f ,u) log

���p(f |u)p(u)p(y|f)

���p(f |u)q(u)
(7)

=

∫
duq(u) log

p(u)

q(u)
+

∫
dudfq(f ,u) log p(y|f) = F (8)

The first term in the lower bound above is the negative KL divergence between distributions q(u) and p(u). The second
term can be expressed as a sum of N terms, F2 =

∑N
n=1 F2,n, where

F2,n =

∫
duq(u)

∫
dfnp(fn|u) log p(yn|fn) (9)

=

∫
dfn log p(yn|fn)

∫
duq(u)p(fn|u). (10)

Therefore, the lower bound to the log marginal likelihood can be expressed as,

F = −KL(q(u)||p(u)) +

N∑
n=1

∫
dfnq(fn) log p(yn|fn), (11)

where q(fn) =
∫

duq(u)p(fn|u). In the next sections, we will discuss the choice of the variational distribution q(u) such that
the KL term and q(fn) can be computed analytically, and how to find a tight or exact bounds of the expectation of the local
likelihood under q(fn). We discuss several likelihood classes for which this approximation can be used.

3.2 Choice of variational distribution

If we choose a Gaussian variational distribution, q(u) = N (u; m,C), the first term in the lower bound, that is a negative
KL divergence, can be computed exactly,

F1 = −KL(q(u)||p(u)) = −1

2

[
tr(K−1

uuC) + (m− µu)ᵀK−1
uu(m− µu)−M − log

detC

detKuu

]
, (12)

where p(u) = N (u;µµµu,Kuu) is the prior on the inducing variables. Typically, µµµu = 0 which leads to a trivial simplication
in the above equation,

F1 = −KL(q(u)||p(u)) = −1

2

[
tr(K−1

uuC) + mᵀK−1
uum−M − log

detC

detKuu

]
. (13)

The distribution q(u) is parameterised by its mean m and covariance matrix C, which means there are M +M2 parameters
in total. For a large M, this may not be desirable and could lead to problems with the optimisation of the lower bound.
TODO: 1. Is there any transformation we could do here to reduce the number of parameters? 2. Can use a sparse precision
parameterisation as in [8].

Choosing a single Gaussian distribution to represent the posterior of u may be too coarse and hence a multimodal
distribution such as a mixture of Gaussian distributions may be a better choice for a multimodal posterior distribution
[9, 10](TODO: this reduces significantly the number of variational parameters.).We could use a mixture of (uniformly)
weighted Gaussians with isotropic covariances,

q(u) =
1

K

K∑
k=1

N (u; mk, σ
2
kI). (14)

However, this distribution leads to an intractabily in computing the KL term, as it involves a log of a sum of distributions.
Fortunately, we can bound this using Jensen’s inequality [9, 11] as follows,

F1 = −KL(q(u)||p(u)) (15)

= −
∫

duq(u) log
q(u)

p(u)
(16)
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= −
∫

duq(u) log q(u) +

∫
duq(u) log p(u) (17)

≥ − 1

K

K∑
k=1

log

∫
duq(u)N (u; mk, σ

2
kI) +

1

K

K∑
k=1

∫
duN (u; mk, σ

2
kI) log p(u), (18)

where we have used the inequality to bound the first term in the equations above.
TODO: R. Turner’s comment: there’s been limited success using mixture of gaussians to parameterise the variational
distribution, perhaps because of this bound is not tight!
The first term in the bound above involves a convolution of two Gaussian distributions and hence,

F1a = − 1

K

K∑
k=1

log

∫
duq(u)N (u; mk, σ

2
kI) (19)

= − 1

K

K∑
k=1

log
1

K

K∑
k′=1

N (mk; mk′ , (σ
2
k + σ2

k′)I) (20)

The second term is due to the assumption about the variational distribution,

F1b =
1

K

K∑
k=1

[
−M

2
− log detKuu −

1

2
(µu −mk)ᵀK−1

uu(µu −mk) + tr(K−1
uuCk)

]
, (21)

where Ck = σ2
kI. The expressions presented above are tractable to compute, and its gradient with respect to the variational

parameters {mk, σ
2
k}Kk=1 can be computed in closed-form. Note that when K = 1, the bound above is exact, and we obtain

the result of the single Gaussian case presented at the beginning of this section. In what follows, we will present the result
for the single Gaussian case, but the derivation for the mixture is straightforward.

3.3 Choice of local bounds

We have discussed the choice of q(u) and how to deal with the first term of the bound F . In this section, we provide a
treatment for the second term,

F2 =

N∑
n=1

∫
dfnq(fn) log p(yn|fn), (22)

where

q(fn) =

∫
duq(u)p(fn|u) (23)

=

∫
duN (u; m,C)N (fn; anu, bn) (24)

= N (fn; anm, bn + anCaᵀn), (25)

and an = KfnuK−1
uu, bn = kfn,fn −KfnuK−1

uuKufn in the equations above. Let denote µn = anm and vn = bn + anCaᵀn.
We note that F2 involves one dimensional integrals which are the expectation of local likelihood terms wrt the distribution
q(fn). Since q(fn) is a Gaussian distribution, the local integral can be computed exactly or can be bounded so that a
tractable lower bound of F2 can be used instead of the original intractable integrals.

3.3.1 Poisson likelihood for count data regression

Consider,

p(yn = k|fn) =
exp(ynfn − exp(fn))

yn!
, (26)

which means,

log p(yn|fn) = ynfn − exp(fn)− log yn!. (27)

Therefore,

F2,n =

∫
dfnq(fn) log p(yn|fn) (28)

=

∫
dfnN (fn;µn, vn) [ynfn − exp(fn)− log yn!] (29)
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= ynµn − exp(µn +
vn
2

)− log yn! (30)

= ynanm− exp(
bn
2

+ anm +
anCa′n

2
)− log yn! (31)

In words, F2 can be computed analytically when the likelihood is a Poisson distribution. We have used the exponential
reverse-link function here. See [2] for a treatment for a different reverse-link function.

3.3.2 Bernoulli logistic likelihood for logit regression or binary classification

The bound of the log partition function can be found using Taylor’s approximation [12] or the Fenchel inequality [13]. These
bounds have been used extensively, but recently shown that they are not tight, especially, when being converted back to
the logistic function [14]. Motivated by the performance of the piecewise linear/quadratic bound in [14, 15], we apply this
technique for Bernoulli logistic and ordinal regression problems, in this section and next section respectively.

Consider the logistic function for binary classification or logit regression,

p(yn = 1|fn) =
1

1 + exp(−fn)
=

exp(ynfn)

1 + exp(fn)
. (32)

The log likelihood is,

log p(yn|fn) = ynfn − log(1 + exp(fn)) (33)

Using the piecewise bound in [14], we obtain,

F2,n =

∫
dfnq(fn) [ynfn − log(1 + exp(fn)] (34)

≥ ynµn −
∫

dfnq(fn)bound(log(1 + exp(fn)) (35)

= ynµn −
R∑
r=1

∫ hr

lr

dfnq(fn)(an,rf
2
n + bn,rfn + cn,r) (36)

= ynµn −
R∑
r=1

an,rE
hr
lr

[f2
n|µn, vn] + bn,rE

hr
lr

[f2
n|µn, vn] + cn,rE

hr
lr

[f0
n|µn, vn], (37)

where Ehl [fm|µ, σ2] =
∫ h
l

dfN (f ;µ, σ2)fm. Importantly, the gradients of the expectations in the equations above wrt the
mean and variance of the integrating distribution {µn, vn}, can be computed, which means the gradients wrt the variational
parameters and the inducing inputs xu can be computed. The forms of the truncated Gaussian moments can be found in,
e.g. [16, pp. 144-145].

3.3.3 Cumulative logistic likelihood for ordinal regression

The following is an extension of [16, Ch. 6, pp. 116-117]. Consider the cumulative logistic likelihood,

p(yn ≤ k|fn) = σ(φk − fn), (38)

which means

p(yn = k|fn) = σ(φk − fn)− σ(φk−1 − fn) (39)

=
efn(e−φk−1 − e−φk )

[1 + e−(φk−1−fn)][1 + e−(φk−1−fn)]
(40)

hence its log,

log p(yn = k|fn) = fn − log(e−φk−1 − e−φk )− llp(fn − φk)− llp(fn − φk−1). (41)

Similar to the previous section, we can obtain the bound on the llp function using R linear/quadratic pieces. The expectation
of these pieces under a one dimensional Gaussian and their corresponding gradients can also be obtained as in the above
sections.
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3.3.4 Laplace likelihood

Consider the Laplace likelihood,

p(yn|fn) =
1

2b
exp(−|yn − fn|

b
) (42)

Taking the log gives,

log p(yn|fn) = − log(2b)− |yn − fn|
b

(43)

=

{ −yn+fn
b

− log(2b) if yn ≥ fn
yn−fn

b
− log(2b) if yn < fn

(44)

Hence the intergral of log p(yn|fn) is analytically tractable and involves evaluating the Gaussian cummulative distribution
... TODO

3.3.5 Exponential likelihood

Consider the exponential likelihood,

p(yn|fn) =
exp(−yn/ exp(fn))

exp(fn)
(45)

Taking the log gives,

log p(yn|fn) =
−yn

exp(fn)
− fn, (46)

which means the intergral will be tractable as in the case of the Poisson likelihood with the exponential inverse-link function
above.

3.3.6 Multinomial logistic likelihood for categorical regression or multiclass classification

Consider the likelihood for multinomial logistic regression,

p(yn = k|fi) = exp(fi,k − lse(fi)) (47)

TODO: [15–18]

3.3.7 Other likelihood classes that cannot be analytically bounded

If the bound on the log likelihood term g(fn) = log(yn|fn) cannot be found analytically, we can use stochastic optimisation
to obtain the unbiased estimate of F2,n,k and its gradients wrt the mean and variance of the distribution qk(fn). That is,

F2,n,k ≈
1

T

T∑
t=1

g(ft) , ft ∼ qk(fn) (48)

Furthermore, if qk(fn) is parameterised by the mean µn and covariance vn, the gradient of the expectation can be expressed
as an expectation of a gradient. This is due to Price’s theorem [19] and Bonnet’s theorem [20], which have been employed
recently for deep models [8]. That is,

d

dµn,k
F2,n,k =

d

dµn,k
Eqk(fn)[g(fn)] = Eqk(fn)

[
d

dfn
g(fn)

]
(49)

d

dvn,k
F2,n,k =

d

dvn,k
Eqk(fn)[g(fn)] = Eqk(fn)

[
d2

df2
n

g(fn)

]
(50)

(51)

The above equation means that the gradients can be estimated using a Monte Carlo summation. The condition for the
following theorem is that log p(yn|fn) needs to be twice differentiable wrt fn.

Two potential issues with this approach is:

• Samples drawn from qk(u) may not be important as they fall into regions in which gn(u) is too small.

• Variance of the unbiased estimates may be large, TODO: variance reduction techniques?: Rao-Blackwellisation, change
of variables?, read [8, 21].

However, the problem may not be as worse as it sounds, as the expectation above is only one dimensional and therefore, the
number of samples needed is much smaller compared to similar approaches in high dimensions [8, 22].
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3.4 Complexity

O(NM2)

4 Can this be applied to non-conjugate GPLVMs?

The answer is no if you are looking for an analytic solution because of the non-linear dependencies of X in p(F|U), but
stochastic approximation could be used. Again, getting this to work in high dimensions could be challenging.
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